The West Texas Intermediate (WTI) spot price shows high volatility and in 2014 and 2015 when quoted prices declined sharply, long-term prices in future markets were less volatile. These prices are different and diverge depending on how they process fundamental and transitory factors. US tight oil production has been a major innovation with significant macroeconomic effects. In this paper we use WTI spot prices and long-term futures prices, the latter calculated as the expected value with a stochastic model calibrated with the futures quotes of each sample day. These long-term prices are the long-term equilibrium value under risk neutral measurement. In order to analyze potential time-scale relationships between spots and future, we perform a wavelet cross-correlation analysis using a novel wavelet graphical tool recently proposed. To check the direction of the causality, we apply non-linear causality tests to raw data and log returns as well as to the wavelet transform of the spot and futures prices. Our results show that in the spot and futures markets for the period 24 February 2006-2 April 2016 there is a bi-directional causality effect for most time scales (from intra-week to biannual). This suggests that spot and futures prices react simultaneously to new information.
Introduction
The West Texas Intermediate (WTI) spot price, one of the world's most important crude oil markets (Deng and Sakurai [1] ), usually shows high volatility and in 2015 its prices declined sharply. At the same time, long-term WTI futures prices were less volatile: They also underwent significant price declines, but to a lesser extent. These prices are different and diverge depending on how they process fundamental and transitory factors. For instance, a relevant recent innovation with significant macroeconomic effects is US tight oil production. This term refers to all low-permeability crude oil production formations, including shale formations.
Changes in spot and futures prices may be due to fundamental shifts in supply and demand; but they could also be due to speculation. Knittel and Pindyck [2] show that futures contracts are the easiest instrument of speculation to use for the lowest cost; moreover a substantial fraction of futures contracts are held by producers and industrial consumers to hedge risk, e.g., in the case of refineries. Knittel and Pindyck [2] conclude that the behavior of inventories and the futures-spot spread is simply inconsistent with the view that speculation has been a significant driver of spot prices. A shift in oil market fundamentals can affect supply and demand and the effect may be short-term or long-term.
Extreme cold weather events and an unexpected shutdown of some base power plants are examples of short-term shifts in fundamentals of demand and supply, respectively. Other shifts have more permanent effects, such as increase in crude oil demand in China and other developing countries, along with the development of tight oil extraction technology result in a supply shift. Figure 1 shows the term structure of WTI Futures Prices for the 2 April 2016, which is the last day of the sample. The shape of the futures curves is very important for pricing crude oil barrels for the following reason: this shape enables us to observe the spread between futures and spot prices, which is equivalent to the storage price. The situation at the end of 2015 and early 2016 is such that spot prices are lower than long maturity futures prices (contango). The shape of Figure 1 suggests a mean reverting stochastic model for the crude oil price, because the price on the futures market tends towards an equilibrium long-term price as maturity periods increase. This behavior is common on almost all days when futures prices are above spot prices. A similar behavior occurs on almost all days when spot prices are above the prices of futures markets. In these cases a long-term price equilibrium can also be found. However, in the sample there are a few days in which no long-term equilibrium prices can be found using the daily futures term structure because the temporary structure of these days shows an accelerated rise or decline. In these few cases, the price of the future with the longest maturity on that day provides information for an alternative estimate using the last spread between the last future and the long-term equilibrium price.
Energies 2016, 9, 1089 2 of 20 long-term. Extreme cold weather events and an unexpected shutdown of some base power plants are examples of short-term shifts in fundamentals of demand and supply, respectively. Other shifts have more permanent effects, such as increase in crude oil demand in China and other developing countries, along with the development of tight oil extraction technology result in a supply shift. Figure 1 shows the term structure of WTI Futures Prices for the 2 April 2016, which is the last day of the sample. The shape of the futures curves is very important for pricing crude oil barrels for the following reason: this shape enables us to observe the spread between futures and spot prices, which is equivalent to the storage price. The situation at the end of 2015 and early 2016 is such that spot prices are lower than long maturity futures prices (contango). The shape of Figure 1 suggests a mean reverting stochastic model for the crude oil price, because the price on the futures market tends towards an equilibrium long-term price as maturity periods increase. This behavior is common on almost all days when futures prices are above spot prices. A similar behavior occurs on almost all days when spot prices are above the prices of futures markets. In these cases a long-term price equilibrium can also be found. However, in the sample there are a few days in which no long-term equilibrium prices can be found using the daily futures term structure because the temporary structure of these days shows an accelerated rise or decline. In these few cases, the price of the future with the longest maturity on that day provides information for an alternative estimate using the last spread between the last future and the long-term equilibrium price. It is clearly established that, both spot and futures prices are relevant for the economy, but not less important is the interrelationship between spot and futures prices. For instance, the lead-lag relationship between crude oil spot and futures markets is a debatable issue, as can be corroborated in the many publications on this topic since the seminal 1999 paper by Silvapulle and Moosa [3] .
Most studies of the relationship between spot and long-term future prices on the crude oil market are based mainly on the estimation of Pearson's and Spearman's correlation coefficients, the cross-correlation function, cointegration theory (bi-and multivariate) or the use of generalized VAR or (G)ARCH models [3] [4] [5] [6] [7] . However, cointegration theory can only tackle short-run vs. long-run time horizons and the VAR and (G)ARCH approaches are sensitive to model specifications [8] . By contrast, from a practical point of view, oil time series can be not stationary and involve heterogeneous agents who make decisions over different time horizons and operate on different time scales (frequencies) [9] [10] [11] [12] . A mathematical tool that can handle non-stationaries time series, It is clearly established that, both spot and futures prices are relevant for the economy, but not less important is the interrelationship between spot and futures prices. For instance, the lead-lag relationship between crude oil spot and futures markets is a debatable issue, as can be corroborated in the many publications on this topic since the seminal 1999 paper by Silvapulle and Moosa [3] .
Most studies of the relationship between spot and long-term future prices on the crude oil market are based mainly on the estimation of Pearson's and Spearman's correlation coefficients, the cross-correlation function, cointegration theory (bi-and multivariate) or the use of generalized VAR or (G)ARCH models [3] [4] [5] [6] [7] . However, cointegration theory can only tackle short-run vs. long-run time horizons and the VAR and (G)ARCH approaches are sensitive to model specifications [8] . By contrast, from a practical point of view, oil time series can be not stationary and involve heterogeneous agents who make decisions over different time horizons and operate on different time scales (frequencies) [9] [10] [11] [12] . A mathematical tool that can handle non-stationaries time series, study interrelationships between time series and it is able to work in the combined time-and-scale domain, it is the wavelet cross-correlation via the Maximal Overlap Discrete Wavelet Transform (MODWT) [13, 14] . Furthermore, the MODWT obtain an overview of the temporal changes in spectral dynamics of a time series under study. For all these reasons, this statistical tool is adequate to analyze the long-term futures and spot prices. Furthermore, to date the wavelet cross-correlation (via MODWT) has not been widely used to study the correlation and co-movements between spot and long-term futures oil prices.
Inspired by Chang and Lee [12] and Alzahrani et al. [15] , in this paper we contribute to the literature on the lead-lag relationship between spot and futures crude oil prices in the following way. We use all the futures contracts of each day and we estimate the long-term equilibrium price to which the price of the futures markets when the maturity period increases in such a way that our sample has futures price quotes with a maximum maturity of 8.92 years. To estimate the long-term equilibrium price we use a recently proposed stochastic model (Section 2.2). As a first approach, potential relationships between spot and long-term futures prices estimated with the stochastic model are studied by means of the classical cross-correlation function. Then we estimate the wavelet cross-correlation between the time series under study. We also apply non-parametric and non-linear causality tests (Diks and Panchenko [16] ) to the wavelet decomposition of the spot and futures prices. Lastly, we use a useful, novel graphical tool proposed by Polanco-Martínez and Fernández-Macho [17] that helps with the interpretation of wavelet cross-correlation analysis.
The rest of the paper is organized as follows: Section 2 describes the sample data, the stochastic diffusion model, the wavelet methodology and the causality tests. The results and their discussion are presented in Section 3. Finally, Section 4 concludes the paper.
Material and Methods

Data Description
Our sample consists of 161,274 daily futures prices from the Intercontinental Exchange (ICE). We focus on the period from 24 February 2006 to 2 April 2016, i.e., nearly ten years. Table 1 shows some market specifications. Crude oil futures prices are determined by the expectations of producers, consumers and speculators for a future date. 
Contract Listing
Up to 108 consecutive months
Last trading day
Trading shall cease at the end of the designated settlement period on the 4th US business day prior to the 25th calendar day of the month preceding the contract month. If the 25th calendar day of the month is not a US business day the Final Trade Day shall be the Trading Day which is the fourth US business day prior to the last US business day preceding the 25th calendar day of the month preceding the contract month.
Settlement
The Table 2 shows the number of observations and the volatility of returns of some futures contracts from the data sample classified according to their maturity. As can be seen, the volatility decreases as maturity increases: This is known as the Samuelson effect. That is, energy futures contracts usually show decreasing volatility as a function of the remaining lifetime of the contract T-t, as T-t decreases, volatility increases and the spot price converges with the futures contract price so that F(T, T) = S T . This effect/behavior can be observed more easily in Figure 2 . Crude oil futures prices are determined by the expectations of producers, consumers and speculators for a future date. 
F(T, T) = ST.
This effect/behavior can be observed more easily in Figure 2 . Crude oil futures prices are determined by the expectations of producers, consumers and speculators for a future date. 
The Stochastic Model
The crude oil spot price denoted by S can be assumed to evolve stochastically in accordance with a mean-reverting process (MR) as per Equation (1):
In this equation is the long-term equilibrium value towards which the spot price tends to revert in the long-term, k is the speed of reversion that determines how the expected value of approximates in time to the long-term equilibrium value , σ is the volatility and
is the increment of a Wiener process with ) 0,1 ( :
. Let λ be the market price of risk, then the behavior in the risk-neutral word (this is the futures market case) is: 
In this equation S m is the long-term equilibrium value towards which the spot price S t tends to revert in the long-term, k is the speed of reversion that determines how the expected value of S t approximates in time to the long-term equilibrium value S m , σ is the volatility and dW = ε(t) 
Abadie and Chamorro (2013) [18] show that in the risk-neutral world the expected value under the equivalent martingale measure or risk-neutral measure in the moment t for the future price with maturity T is:
A similar Equation (4) can be used with the future with the nearest maturity denoted by T 1 to estimate the future price with maturity T 2 :
Equation (4) enables estimates for each day to be drawn up for the values k + λ and kS m k+λ . In the long-term there is a long-term equilibrium value given by Equation (5):
Initially we calculate k + λ and S* for each day using nonlinear least squares, which results in 2571 values of each parameter. More information about the parameters calculation can be found in Appendix A. We obtain the time-series S * t , but there are some outliers, so we refine it using the procedure described in Appendix B. Figure 3 shows the lower volatility of futures contracts with long maturity periods on every day. Since 2008 these futures prices have been higher than spot prices when the latter have fallen considerably, and below them when spot prices have been very high. Figure 3 also shows a peak of $145 and a rise in oil prices in July 2008. According to Kaufmann and Ullman [4] , this rise was caused by changes in market fundamentals and speculation. These authors conclude that the increase anticipated by prices set in futures markets, exacerbated by speculators, was transmitted to the spot market. On the other hand, in 2015 futures prices were above the spot price, reflecting a situation of contango in the market. Table 3 reports the descriptive statistics for spot and futures prices obtained as the longest maturities and estimated by a stochastic model, Jarque-Bera test for normality (Jarque and Bera [19] ) as implemented in the R package tseries (Trapletti and Hornik [20] ) as well as the Augmented Dickey-Fuller (ADF) unit-root test (Dickey and Fuller [21] ) as implemented in the R package tseries (Trapletti and Hornik [20] ) with structural breaks. A first glance, the skewness shows that in all cases the data sets have a slight asymmetric probability distribution. On the other hand, the kurtosis values show that none of them have a value close to 3 (the theoretical value for a Gaussian probability distribution), except the log returns for the futures prices estimated by a stochastic model. However, the Jarque-Bera test indicates that none of the probability distributions of these time series appear to be normally distributed. Table 3 also reports the results of ADF unit-root test for the levels of the series as well as the log returns. When the ADF test is applied to the raw data, we fail to reject to reject the null hypothesis for all the time series. Nevertheless, when the test is applied to the log returns, all nulls are rejected consistently. Thus, the test reveals that all the raw data sets are integrated of order one, that is, are non-stationaries whereas the log returns do not contain a unit-root indicating that these series are stationaries. 
The Wavelet Methodology
Discrete Wavelet Transform (DWT) [13, 14] is a mathematical tool that can handle non-stationary time series and which works in the combined time-and-scale domain. There are various algorithms for computing the DWT. In this paper we use the Maximal Overlap Discrete Wavelet Transform (MODWT) because of its advantages over the classical DWT. To begin with, the MODWT can tackle any sample size N, while the DWT of level J restricts the sample size to a multiple of 2J. Also, more importantly, the MODWT is invariant to circular shifting of the time series under study, while the DWT is not. Furthermore, both the DWT and MODWT can be used to analyze variance based on wavelet and scaling coefficients, but the MODWT wavelet variance estimator of the wavelet coefficients is asymptotically more efficient than the equivalent estimator based on DWT [13, 14, 22] . The MODWT is used to compute wavelet variances, wavelet correlations (WC) and cross-correlations (WCC) of bivariate time series [13, 14] . Several applications of the DWT and MODWT can be found in economic and financial literature (see e.g., [8, 13, 23, 24] ) and to a lesser extent in energy studies [25] [26] [27] . Nevertheless, to date the WCC (via MODWT) has not been widely used to study the correlation and co-movements between spot and long-term futures oil prices (though some exceptions are discussed below). 
Discrete Wavelet Transform (DWT) [13, 14] is a mathematical tool that can handle non-stationary time series and which works in the combined time-and-scale domain. There are various algorithms for computing the DWT. In this paper we use the Maximal Overlap Discrete Wavelet Transform (MODWT) because of its advantages over the classical DWT. To begin with, the MODWT can tackle any sample size N, while the DWT of level J restricts the sample size to a multiple of 2J. Also, more importantly, the MODWT is invariant to circular shifting of the time series under study, while the DWT is not. Furthermore, both the DWT and MODWT can be used to analyze variance based on wavelet and scaling coefficients, but the MODWT wavelet variance estimator of the wavelet coefficients is asymptotically more efficient than the equivalent estimator based on DWT [13, 14, 22] . The MODWT is used to compute wavelet variances, wavelet correlations (WC) and cross-correlations (WCC) of bivariate time series [13, 14] . Several applications of the DWT and MODWT can be found in economic and financial literature (see e.g., [8, 13, 23, 24] ) and to a lesser extent in energy studies [25] [26] [27] . Nevertheless, to date the WCC (via MODWT) has not been widely used to study the correlation and co-movements between spot and long-term futures oil prices (though some exceptions are discussed below).
Yousefi et al. [9] propose the wavelet analysis approach as a possible vehicle for investigating market efficiency in futures markets for oil (prediction of oil prices). More recently, Naccache [10] , Aguiar-Conraria and Soares [28] , Benhmad (2012) [25] and Reboredo and Rivera-Castro [11] , among others, address the question of the link between oil prices and the macroeconomy using world data and a time scale decomposition based on the theory of wavelets. However, the first study of the relationship between spot and futures prices of crude oil using wavelet analysis was not performed until 2015 by Chang and Lee [12] . They investigate the time-varying correlation and the causal relationship between crude oil spot and futures prices using wavelet coherency analysis. Chang and Lee) [12] find significant dynamic correlations between these variables in the time-frequency domain, in a such way that spot and futures prices contribute to the dynamics of the long-run equilibrium. They recommend that future studies focusing on the behavior of oil prices should consider the characteristics of the time-frequency space and lead-lag dynamic relationships. However, Chang and Lee [12] use futures contracts with one, two, three, and four months, i.e., futures contracts with a very short-term maturity (around 0.33 years). They do not take into account the causal relationship between oil spot and futures prices. This task was tackled more recently by Alzahrani et al. [15] in the first combined study that mixes wavelet analysis and non-linear causality. Alzahrani et al. [15] find consistent bidirectional causality between spot and futures oil markets on different time scales.
In order to decompose the daily oil time series ( Figure C1 ; Appendix C) in this work, we have applied the MODWT with a Daubechies least asymmetric (LA) wavelet filter of length L = 8, commonly denoted as LA(8) [13, 29] . The maximum decomposition level J is given by log 2 (N) [13, 14] , which in this case is J = 8, so the MODWT produces eight wavelet coefficients and one scaling coefficient, that is, w 1,t , . . . , w 8,t and v 8,t , respectively.
Note that the level of the transform defines the scale of the respective wavelet coefficients w t,j . In particular, for all families of Daubechies compactly supported wavelets the level j wavelet coefficients are associated with changes at an effective scale of λ j = 2 j−1 days (in our case) [23] . Moreover, the MODWT utilizes approximate ideal bandpass filters with bandpass given by the frequency interval 1/2 j+1 , 1/2 j for scale levels 1 ≤ j ≤ J. Inverting the frequency range and multiplying by the appropriate time units ∆t (one day in our case) gives the equivalent periods of 2 j , 2 j+1 ∆t days for scale levels 1 ≤ j ≤ J [29] . This means that in our case study, with daily data, the scales λ j , j = 1, 2, . . . In order to analyze the relationship between spot and long-term futures prices from the crude oil market time series at different time/period horizons, we compute the wavelet cross-correlation (WCC). We follow the methodology for computing the wavelet transform (MODWT) and WCC given by Gencay et al. [13] , as implemented in the R package Waveslim [30] . To obtain a graphical interpretation of wavelet correlation and cross-correlation analysis, we use the R package W2CWM2C [17, 31] .
The MODWT unbiased estimator of the wavelet correlation for scale λ j between two time series X and Y can be expressed as follows [13] :
where γ XY λ j is the unbiased estimator of the wavelet covariance between wavelet coefficients W X,j,t and W Y,j,t , and σ X λ j and σ Y λ j are the unbiased estimators of the wavelet variances for X and Y respectively, associated with scale λ j . An unbiased estimator of the wavelet variance based on the MODWT is defined [13] by:
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where { W j,t } is the jth level MODWT wavelet coefficients for the time series X,L j = (2 j − 1)(L − 1) + 1 is the length of scale λ j wavelet filter, and N j = N − L j + 1 is the number of the coefficients not affected by the boundary. The MODWT unbiased estimator of the wavelet cross-correlation for scale λ j and lag τ between two times series X and Y is defined by [13] :
where γ XY,τ is the unbiased estimator of the wavelet cross-covariance, and σ X λ j and σ Y λ j are the unbiased estimators of the wavelet variances of X and Y, respectively. Note that the WCC is roughly analogous to its Fourier counterpart, the magnitude squared coherence, but the WCC is related to bands of scales (frequencies) [32] . The WCC ρ XY,τ λ j ∈ [−1, 1], and is used to determine lead/lag relationships between two time series on different scales λ j . The confidence interval for the WCC is based on an extension of the classical result on the Fisher's Z-transformation of the correlation coefficient [32] . Thus, an approximate 100(1−2p)% confidence interval for the WCC is given by tanh{h
is the 100p% percentage point for the standard normal distribution, and h( ρ XY ) = tanh −1 ( ρ XY ) [13, 32] .
Nonlinear Causality Tests
Savit [33] argued that financial and commodity markets are dynamical systems that could manifest nonlinearities, and he also argued that these elude common linear statistical tests (including linear causality tests). Baek and Brock [34] proposed a nonparametric test for detecting nonlinear causal relationships based on the correlation integral, which is an estimator of spatial dependence across time. Later on, Hiemstra and Jones [35] provided an improved version of Baek and Brock [34] . However, despite the test of Hiemstra and Jones [35] is (probably) the most used nonlinear causality test in economics and finance (there are others nonlinear causality tests developed to analyze this kind of data, but these are not commonly used, e.g., Bell et al. [36] ; Su and White [37] ; among others). However, it tends to over-reject the null hypothesis if it is true (Diks and Panchenko [16, 38] ). For this reason, Diks and Panchenko [16] proposed a new nonparametric and nonlinear Granger causality test to avoid the over-rejection. In our work, we use the causality test of Diks and Panchenko [16] , as implemented in the C program GCTtest, which is freely available on the Internet [39] . In addition, we use the test of Toda and Yamamoto [40] only to analyze potential causal relationships in raw data. This test is implemented in the R language and it is available freely on the web [41] .
Results and Discussion
The cross-correlation analysis (Figure 4 ) between long-term futures prices estimated by means of a stochastic model and spot prices reveals a relatively strong positive correlation that is statistically significant around lag-0 (r = 0.62) and a right-side asymmetry (other lags are present but are disregarded due to the difficulty of interpretating them). These features are also found in the cross-correlation between "last future prices" (the price of the future with the longest maturity period on that day) and spot prices, although the correlation coefficient around lag-0 is a little larger (r = 0.71) than the one when the stochastic model is used to compute the futures. Cross-correlation is a useful statistical tool for looking for correlation between two time series. However, due to the fact that correlation does not necessarily imply causation, it is not the best tool for analyzing potential cause-effect relationships. That is why we apply a non-linear causality test (Tables 4 and 5 ) to the raw data and log-returns. The test reveals that there is a bidirectional causality effect between the futures (both modeled and not modeled) and spot prices for log-returns, although for the case of raw data the causality is that correlation does not necessarily imply causation, it is not the best tool for analyzing potential cause-effect relationships. That is why we apply a non-linear causality test (Tables 4 and 5 ) to the raw data and log-returns. The test reveals that there is a bidirectional causality effect between the futures (both modeled and not modeled) and spot prices for log-returns, although for the case of raw data the causality is unidirectional-from futures to spot prices. Our results are in accordance with several other papers (Silvapulle & Moosa [3] ; Bekiros and Diks [6] ; Alzahrani et al. [15] , among others), although in those publications the authors use futures contracts with different maturities (one, two, three, four and six months) instead of long-term futures obtained by a stochastic model and they used other different kinds of causality tests Note: *** indicates statistical significance at the 1% level. Table 5 . Non-linear Granger causality test between futures prices obtained as the longest maturity on that day and spot prices. Note: *** indicates statistical significance at the 10%, 5% and 1% levels.
The wavelet cross-correlation between long-term futures prices estimated by a stochastic model and spot prices ( Figure 5 ) shows a high degree of correlation (from 0.46 to 0.76) for all the wavelet scales except for scale six (we so not discuss the results for this scale because there are few statistically significant wavelet correlation coefficients), where the correlation is relatively low (0.30). The maximum wavelet correlations for the first four wavelet scales (from intra-week to monthly scale) take place at lag-0, indicating that futures (spots) do not lead or lag spots (futures). At this point it is important to note that for wavelet scale four and for the price of the future with the longest maturity on that day ( Figure 5 ) the wavelet correlation values show an asymmetry with respect to lag-0 (the maximum correlation takes place at lag-1). This means that futures lead spot prices on a monthly scale. Indeed, there are other wavelet scales (from 5 to 8, for both modeled and non-modeled futures ( Figure 5) ) that show asymmetries one with another. However, the most noticeable asymmetry appears in scale seven (biannual scale), which can be interpreted as one leading to the other but it cannot be determined which is the leader. Furthermore, one should be cautions when applying the wavelet cross-correlation methodology because although it does give a clue to potential lead-lag relationships it does not include an estimation of causality. For this reason, it is necessary to apply some sort of causality test to the wavelet decomposition of the time series under analysis to corroborate these guesses-these analyses are presented and discussed in the following paragraphs. 
Conclusions
The crude oil spot price is a fundamental variable for the worldwide economy, and the WTI Spot price is one of the most widely used indexes. No less important are crude oil futures prices. It is well known that both prices are affected by fundamental and transitory factors. One fundamental factor is tight production, while transitory factors such as periods of very cold weather can mainly affect spot prices. Many energy intensive sectors such as transport, refineries, energy-intensive industries and others use the spot and futures prices to make decisions on production and/or investment. Therefore, both spot and futures prices and indeed the interrelationship between them are relevant for the economy. For instance, the lead-lag relationship between crude oil spot and futures markets is a debatable issue, as can be corroborated in the many publications on this topic since the seminal 1999 paper by Silvapulle and Moosa [3] .
In this paper we propose for the first time the use of a stochastic model (Abadie and Chamorro [18] ) to estimate long-term futures in order to study the relationships between futures and spot prices for different time-scales (short, medium, and long-term scales) using a novel wavelet correlation graphical tool (Polanco-Martínez and Fernández-Macho [17] ) and a nonlinear causality Table 6 provides the non-linear Granger causality test between the (modeled and not modeled) futures and spot prices for the MODWT decomposition of this data set. The first noteworthy result is that 4 wavelet scales (one, two, three, and seven) out of 8 show bidirectional causality (note that for scales six and eight-modeled future prices-the number of wavelet coefficients is too low to run the causality test properly; Figure C1 , Appendix C). These wavelet scales are related to day-periods that range from intraweek to fortnightly, and one longer scale (seven) which is associated with a biannual day-period. These results are robust due to the fact that bidirectional causality is found for both futures (the price of the future with the longest maturity on that day and the futures prices obtained by means of the stochastic model). On the other hand, there exists a unidirectional causality in the scales four (monthly scale) and five (monthly and quarterly scale), running from futures (both modeled and not modeled) to spot prices and from spot to futures (both modeled and not modeled) prices, respectively. These means that for monthly scale, futures lead spot prices whereas for monthly and quarterly scales spots prices lead futures (both modeled and not modeled) [34] . Alzahrani et al. [15] , unlike our work, find bidirectional causality for all wavelet scales (from one to eight). However, Alzahrani et al. [15] apply the causality test to the residuals of the VAR models fitted to the future and spot prices and use daily future prices as well as futures contracts with different maturity periods (one, two, three, and four months). On the other hand, the nonlinear causality test used by Alzahrani et al. tends to detect causality too often (Shu and Zhang [42] ) and ours is a little conservative (Wolski and Diks [43] , Chiou-Wei et al. [44] ). Therefore, we do not expect our results to be identical to those of [15] .
The bidirectional causality in the wavelet decomposition of crude oil futures and spot prices suggests that spot and futures prices react concurrently to new information, i.e., neither market leads the other in terms of price discovery, at least for intraweek, weekly, fortnightly, and biannual scales. Thus, there is no arbitrage opportunity between these markets for these time horizons. The most plausible explanation for why we find a not bidirectional causality between futures and spot prices for the monthly and quarterly scales may be that for the monthly scale nonlinear arbitrage activity (e.g., structural breaks, regime shifts between backwardation and contango, extreme volatility, etc. such as was suggested by diverse authors e.g., Wang and Wu [45] ; Savit [33] ; Wilson et al. [46] ; among others. As we can see, all these characteristics can be observed in Figures 3 and D1 and Table 3) is very low and the change in fundamentals supporting market condition switching is not completed within a one month period. That is, the effects of these factors which can result in the nonlinearity explanation for why oil market are weaker (Wang and Wu [45] ), and for this reason the non-linear Granger causality test is not able to detect bidirectional causalities for the monthly and quarterly scales.
The crude oil spot price is a fundamental variable for the worldwide economy, and the WTI Spot price is one of the most widely used indexes. No less important are crude oil futures prices. It is well Energies 2016, 9, 1089 13 of 19 known that both prices are affected by fundamental and transitory factors. One fundamental factor is tight production, while transitory factors such as periods of very cold weather can mainly affect spot prices. Many energy intensive sectors such as transport, refineries, energy-intensive industries and others use the spot and futures prices to make decisions on production and/or investment. Therefore, both spot and futures prices and indeed the interrelationship between them are relevant for the economy. For instance, the lead-lag relationship between crude oil spot and futures markets is a debatable issue, as can be corroborated in the many publications on this topic since the seminal 1999 paper by Silvapulle and Moosa [3] .
In this paper we propose for the first time the use of a stochastic model (Abadie and Chamorro [18] ) to estimate long-term futures in order to study the relationships between futures and spot prices for different time-scales (short, medium, and long-term scales) using a novel wavelet correlation graphical tool (Polanco-Martínez and Fernández-Macho [17] ) and a nonlinear causality test. In order to obtain the long-term future prices, which are a fundamental variable for investment decisions, we calibrate a stochastic model of crude oil prices using market quotes.
Our findings suggest that for the period studied (from 24 February 2006-2 April 2016) the spot and long-term futures prices show bidirectional causality for intraweek, weekly, fortnightly, and biannual scales, thus indicating that the two markets react simultaneously to new information on those time scales. On the other hand, for monthly scale futures lead spot prices whereas for monthly-quaterly scale spots pries lead futures. Our results confirm quite well the findings of Silvapulle and Moosa [3] ; Bekiros and Diks [6] ; Alzahrani et al. [15] ; Chang and Lee [12] , but we highlight the use of a stochastic model to obtain long-term futures prices. 
This Equation (A2) enables estimates for each day to be drawn up for the values k + λ and kS m k+λ . Initially we calculate k + λ and S* for each day using nonlinear least squares, which results in 2571 values of each parameter. Table A1 shows the quotes and the estimated parameters for 2 April 2016, the last day of the sample. We are interested in the time-series S * t , initially we obtain this time-series S * t , but there are some outliers, so we refine it using the procedure described in Appendix B.
Given a time series of crude oil spot prices (WTI) S t at intervals ∆t it is possible to calculate the return as in Equation (A3):
or as follows:
Historical volatility can be calculated using Formula (A5):
It is customary to work with annualized volatility figures, so the conversion in formula (A6) is carried out:
To obtain the annualized volatility σ Equation (A7) is used:
where 252 is the number of trading days. Using spot price data from 24 February 2006 to 2 April 2016, this method can be used to calculate σ, which works out at 0.3887.
Appendix B
The following procedure is based on Abadie and Chamorro [54] . We have the futures contracts prices L t with the longest maturity for each day. Assuming that these prices behave according to a mean-reverting process as in Equation (B1):
where L* is the long-term equilibrium value towards which L t tends to revert in the long-term, θ is the speed of reversion that determines how the expected value of L t approximates in time to the long-term Equation (B1) can be put in terms of differences, which gives Equation (B2):
With Equation (B2) we calculate the volatility and obtain ω = 0.2028. We accept the original time-series values in interval of Equation (B3):
For the outliers we replace the original S * t+∆ by the L t+∆t + last spread value, with the last spread being the difference on the same day between the last long-term equilibrium price calculated and the future price of with the longest maturity. 
